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An asymptotic basis & of order h is minimal if no proper subset of I is an 
asymptotic basis of order h. Examples are constructed of minimal asymptotic 
bases,and also of an asymptotic basis of order two no subset of which is minimal. 
I f  B is a set of nonnegative integers which is not a basis (resp. asymptotic 
basis) of order h, but such that every proper superset of I is a basis (resp. 
asymptotic basis) of order h, then I is a maximal nonbasis (resp. maximal 
asymptotic nonbasis) of order h. Examples of such sets are constructed, and it 
is proved that every set not a basis of order h is a subset of a maximal nonbasis 
of order h. 
1. INTRODUCTION 
Let A? be a set of nonnegative integers, and let h be an integer greater 
than one. The h-fold sum of d, denoted h&‘, is the set of all sums of h 
not necessarily distinct elements of d. The set Se is a basis of order h 
if h&’ is the set of all nonnegative integers. If hz2 contains all but finitely 
many nonnegative integers, then AC?’ is an asymptotic basis of order h. 
The set SZZ is a minimal basis of order h if AZ’ is a basis of order h, but no 
proper subset of & is a basis of order h. If zz’ is an asymptotic basis of 
order h such that no proper subset of AG’ is an asymptotic basis of order h, 
then LZ’ is a minimal asymptotic basis of order h. 
StGhr [5] introduced this idea of minimality, and showed that minimal 
bases exist, by observing that the set 
4 = VO u {nh + l>Lo 
is minimal of order h. If A! is a basis of order h which is not minimal, 
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let a, be the smallest element of & such that the set ~9’~ = &‘\{a,,} obtained 
by deleting a, from JZZ is a basis of order h. If &I is still not minimal, 
let a, be the smallest element of &I such that JZ( = dl\{a,) is a basis of 
order h. If the removal in this way of no finite set of elements of & leaves 
a subset of & which is a minimal basis, then there is generated an infinite 
descending chain of bases of order h: &’ = d0 I &I 3 .& 1 ... . Let 
g = (Jr==, .Q$ . Then g is a minimal basis of order h. In this way, StShr 
proved that every basis of order h contains a subset which is a minimal 
basis of order h. 
StGhr left open the analogous questions for asymptotic bases. Do 
minimal asymptotic bases exist? Does every asymptotic basis of order h 
contain a subset which is a minimal asymptotic basis of order h? 
Hartter [3] answered these questions. He noticed that if any finite set 
of positive elements is deleted from the set J;s, above, then the subset 
that remains is still an asymptotic basis of order h. But if (0} or any 
infinite set of elements is deleted, the remaining subset is no longer an 
asymptotic basis. It follows that &$ is an asymptotic basis of order h 
such that no subset is a minimal asymptotic basis of order h. Hartter 
also proved that minimal asymptotic bases exist; in fact, he showed that 
for every h > 2 there exist uncountably many minimal asymptotic bases 
of order h. Unfortunately, the proof is nonconstructive, and produces no 
example of a minimal asymptotic basis. 
In this paper we give the first examples of minimal asymptotic bases. 
In Theorem 1, a minimal asymptotic basis of order two is constructed. 
By perturbing slightly this construction, we find in Theorem 2 a new 
example of an asymptotic basis of order two containing no subset which 
is a minimal asymptotic basis of order two. Finally, Theorem 3 gives for 
each h >, 2 a minimal asymptotic basis of order h. 
Dual to the idea of minimal basis is that of maximal nonbasis. A set JX? 
of nonnegative integers is a maximal nonbasis of order h if ,JX? is not a 
basis of order h, but d u (a} is a basis of order h for any nonnegative 
integer a not in &. Theorem 4 characterizes maximal nonbases. In 
Theorem 5 it is proved that every set which is not a basis of order h is 
a subset of a maximal nonbasis of order h. 
Similarly, if ~2 is not an asymptotic basis of order h, but & u {a} is 
an asymptotic basis of order h for any nonnegative integer a not in &, 
then ~4 is a maximal asymptotic nonbasis of order h. In Theorem 6 we 
construct for each h >, 2 a class of maximal asymptotic nonbases of 
order h. Under a certain density condition, the sets described in Theorem 6 
are the only maximal asymptotic nonbases. 
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2. MINIMAL ASYMPTOTIC BASES 
Let SY be an asymptotic basis of order h, and let P be a subset of &. 
Then P is necessary if &\P is not an asymptotic basis of order h, and P 
is unnecessary if &\P is an asymptotic basis of order h. Clearly, &’ is 
minimal if and only if (a} is necessary for every a E XI. 
THEOREM 1. Let 9? be the set of all Jinite nonempty sums of distinct 
even powers of two, and let Y be the set of all finite nonempty sums of 
distinct odd powers of two. Let zf = % u Y. Then & is a minimal asymp- 
totic basis of order two. 
Proof. Let n be an integer greater than one. From the unique repre- 
sentation of n as the sum of distinct powers of 2, we know that n = xi + yj , 
or n = xi , or n = yj , where the elements Xi and yj come, respectively, 
from the subsequences 9” and 9Y. If n = xi + yj , then n E 2&. If n = yj , 
then for some finite set 1, 
n = yj = C 221+1 
iEI 
and so n E 2x2. Finally, suppose that n = xi . If xi is the sum of more 
than one even power of 2, then n = xj + x, . If n = 22k, then k > 1 
and so n = 22k-1 + 22k-1 E 2&‘. Therefore, 2& consists of all integers 
greater than one, and so ~2 is an asymptotic basis of order two. 
To prove that ~2 is minimal, we must show that each a E zz? is necessary, 
that is, we must find infinitely many numbers m = a + ai = aj + a with 
no other representation as the sum of two elements of &‘. 
Let yE?VGZ. Then 
y = pn+1 + 1 229+1, 
es 
where S is a finite, possibly empty, set of integers greater than n. For 
any finite set I of integers greater than n, let 
1 
1+c4i if n=O 
x, = ial 
1 + 4” + c 4i if n>O 
&I 
m, = XI 4- y. 
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I claim that ml = x1 + y = y + x1 are the only solutions of ml = ai + aj . 
By the uniqueness of the 2-adic representation of mr , no other partition 
of mf as the sum of a term from !Z and a term from Y is possible. Also, 
since mr is odd and all elements of Y are even, mr = y, + yj is impossible. 
Letxl,xjEX.Thenxi,xjzOor 1 (mod4),andsoxi+xj=0, 1, 
or 2 (mod 4). But if 12 = 0, then mJ = 3 (mod 4) and SO II = xi + xi is 
impossible. 
If n > 0, then the least nonnegative residue of mr modulo 4%+l is 
1 + 4” + 22n+l = 1 + 3 .4”. Let xi, xj ES, with least nonnegative 
residues ui , uj modulo 4”*l. Then 
and so 
0 < ui + uj < $j 4” < 3 * 4” + 1 < 4-i-1, 0 
xi + xi = ui + uj (mod qn+l). 
Therefore, ml = xi + xi is impossible. Thus, every y E Y C SZZ is necessary. 
LetxE%!ZC. Then 
x = 4” + c 4t, 
ST 
where T is a finite, possibly empty, set of integers greater than n. For any 
finite set J of integers greater then n, let 
1 
2 + 1 22j+1 if n=O 
YJ = jEJ 
22n-1 + 22*+1 + ;J 22j+1 if n > 0 
1125 = x+y,. 
By the uniqueness of the 2-adic representation of m, , no other partition 
of mJ as the sum of an element of % and an element of Y is possible. 
If y1 = 0, then m, = 3 (mod 4). But xi, xj = 0 or 1 (mod 4) and 
xi + xi s 0, 1, or 2 (mod 4), so m, = xi + xj is impossible. Since m, is 
odd, m, = yi + yj is impossible. 
If n > 0, then m, z 22n-1 + 22n + 22n+1 (mod 22n+2). Let ni and nj be 
the least nonnegative residues of xi and xj modulo 22n+2. Then 
0 < ui, uj < 2 4” = 4”+;- l < ($) 4n 
k=O 
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0 6 242 + u, < ; 4” < 3 * 4” 
0 
= 22n + 22n+1 < X2"-1 + 2278 + 22n+l < 22n+2* 
Therefore, n = xi + xj is impossible. 
Similarly, let vi and vj be the least nonnegative residues of yi and yi 
module 22pl+1, Then 
n-1 
0 < Vi 9 Vj < 1 22k+’ = 2 
k=O 
and so 
4% = 22n-1 + 22n < 22n+1* 
y, + yj c vi + vj (mod 22n+1). 
But m, E 22n-1 + 22n (mod 22”i+1), and so mJ = yi + yj is impossible. 
Thus, every x E L?C _C z&’ is necessary. 
Therefore, & = S U Y is a minimal asymptotic basis of order two. 
THEOREM 2. Let A? be the set of all nonempty jinite sums of distinct 
powers of 3, and all numbers of the form 2 * 3’ with r > 0. Then ~8 is an 
asymptotic basis of order two such that no subset is a minimal asymptotic 
basis of order two. 
Proof Every positive integer n has a unique 3-adic representation 
n = 2 es3*, 
ES” 
where S, is a nonempty finite set of nonnegative integers, and e, = 1 or 2. 
Let T, ={sES, 1 e, = 2). Then 
(*I 
If T, # 0, then (*) is a solution of n = bi + bj . If T, = 0 and card 
(S,) > 1, then for any r E S, , 
is a solution of n = bi -I- bj . If T, = IZI and card (SJ = 1, then n = 3”. 
MINIMAL BASES AND MAXIMAL NONBASES 329 
Ifn>l,thens>Oandn=3g-1+2~38-1isasolutionofn=bi+bj. 
Therefore, 29 consists of all integers greater than one, and so .G@ is an 
asymptotic basis of order two. 
In Lemmas 1-5 below we characterize exactly the unnecessary subsets 
of SY. 
LEMMA 1. Let b = &R 3’, where R is a finite set of nonnegative 
integers, and card (R) > 1. Then b is necessary. 
Proof. Choose t > max{r 1 r E R}. Let b, = b + 3t and m, = 2b + 3t. 
Then m, = b + b, = b, + b are the only solutions of m, = bi + bj . 
LEMMA 2. If s > 0, then the only solutions of 3” = bi + bj are 
3” = 39-l + 2 . 38-1 = 2 . 3s-1 + 38-l. 
LEMMA 3. Every infinite subset of B is necessary. 
Proof By Lemmas 1 and 2, every element of 9 is necessary for the 
representation of at least one positive integer. If infinitely many terms 
are deleted from 99, then the subset that remains will fail to represent 
infinitely many numbers, so will not be an asymptotic basis. 
LEMMA 4. The pair (1, 2) is necessary, and, for every r > 0, the triplet 
{3’, 2 . 3’, 2 * 3’-l} is necessary. 
Proof. The pair {1,2} is necessary, because, if t > 0, then the only 
solutions of 2 + 3’~ = bi + bj are 2 + 3t = 3t + 2 = 1 + (1 + 3t) = 
(1 + 39 + 1. 
If r > 0, then the triplet {3’, 2 . 3’, 2 * 3’4) is necessary because, for 
any t > r and m, = 3t + 2 * 3*, the only solutions of m, = bi + bj are 
m, = 2 - 3’ -j- 3t = 3t + 2 .3* 
= 3’ + (3’ + 37 = (3’ + 37 + 3’ 
= 2 * 3+-l + (3’-1 + 3’ + 37 
= (3’4 + 3’ + 39 + 2 * 31-l. 
LEMMA 5. Let U and V be finite sets of nonnegative integers such that 
O$UnVandUnVn(V+l)=@.Then 
P”,” = (3” I u E U} u (2 * 3” 1 v E V) 
is unnecessary. 
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Proof. Let V = &%\Puav. Let n > 0. As above, we write 
t*> 
If card (T,J > 1, then card (S,) > 1 and (*) is a solution of n = ci + cj . 
Suppose T, = O. Then n = Csss,3s. If card (S,,) > 3, then for any 
rl,r2ESn,rl#r2,wehave 
n = (3” + 3’9 + c 3” 
SLY, 
8#C1*T2 
as a solution of IZ = c( + cj . 
If S,, = {r, s, t>, then S, e U except for finitely many n. If r E S,\U, 
then IZ = 3 + (3” + 39 is a solution of n = ci + cj . 
If S, = (r, s> and 0 < r < s, then (r - 1, s - I> p V except for finitely 
many n. Then either n = 2 * 37-1 + (3’-l + 39 or n = 2 . 3s-1 + (3’ + 39 
is a solution of IZ = ci + cj . If S,, = (0, s}, then s - 1 $ V except for 
finitely many 12, and so n = (1 + 39 + 2 . 3s-1 is a solution of 
n = cj + cj . 
If n = 3” with s > 0 and s - 1 4 U u V, then n = 3” = 38-1 + 2 . 3s-1 
is in 2V. 
Similarly, all but a finite number of integers with card (T,) = 1 can 
be represented as the sum of two terms of the sequence V. Therefore, 
V is an asymptotic basis of order two, and the set Pu,” is unnecessary. 
Proof of Theorem 2, concluded. Lemmas 1-4 show that the sets Pus” 
of Lemma 5 are the only unnecessary subsets of 9’. Since there is clearly 
no maximal unnecessary set Pcr,v , there is no subset of g which is a 
minimal asymptotic basis. 
THEOREM 3. Let h > 2 and let H = h + 1; Let ?F?‘~ be the set of all 
finite sums of distinct powers of H. Then ‘+?h is a minimal asymptotic basis 
of order h. 
Proof. Every positive integer n has a unique H-adic decomposition 
n = 1 eiHi, 
iSI 
where I is a finite set of nonnegative integers, and 1 < e, < h = H - 1. 
Since 0 E %?h , it follows that Vh is a basis of order h. 
Let c = Csss H8 E FYh. Choose t > max{s 1 s ES}, and let m, = hc + Ht. 
Then the only solutions of m, = cil + ci, + ... + ci, are permutations 
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of the summands in the partition n = (c + Ht) + c + ..* + c. Thus 
every element of the sequence %‘)h is necessary, and so %?h is a minimal 
asymptotic basis of order h. 
3. MAXIMAL NONBASES 
If D is a finite set of nonnegative integers, the h-extent of D, denoted 
n,(D), is the largest nonnegative integer n such that (0, 1,2,. .., n - 1, n} C hD. 
THEOREM 4. Let 9 be a maximal nonbasis of order h, and let k be the 
least nonnegative integer not in h9. Then 9 contains all integers greater 
than k. If 0 6 9, then 9 is the set of all positive integers. If 0 E 9, then k is 
the only nonnegative integer not in h9, and D = 9 n (0, 1,2,..., k - 1} 
is a maximal subset of (0, 1,2,..., k - I> such that nh(D) = k - 1. 
Proof. Let m > k and s1 = 5B u {m}. Then k $ h9, , and so s1 is 
not a basis of order h. Since 9 C g1 and 58 is a maximal nonbasis of 
order h, then 9 = g1 and m E 9. 
If 0 4 9, then 0 $ h9 and so k = 0 and .Q is the set of positive integers. 
IfO~~andm>k,thenm~~andsom=m+O+-..+OEhs. 
Let D =9n{O, 1,2 ,..., k - l}. Clearly, nh(D) = k - 1 and D is 
maximal. 
EXAMPLE. The set 5@ = (0, 1, 3,4, 7) u (n 3 lo} is a maximal nonbasis 
of order two. The only integer not in 29 is 9. 
THEOREM 5. Let d be a set of nonnegative integers which is not a basis 
of order h. Then E is a subset of a maximal nonbasis of order h. 
Proof Let k be the least integer not in hb, and let $ = 8 u {n > k + l}. 
Then k $ h6, , and so 8, is not a basis of order h. Since only finitely many 
nonnegative integers are not in 8, , there is a maximal subset E1 of these 
such that b, = E1 u 8, is not a basis of order h. Then 8 C 8, and 8, is 
a maximal nonbasis of order h. 
THEOREM 6. Let g > 2. For any integer k and set K of integers, let E 
be the least nonnegative residue of k module g, and let K = (15 I k E K). 
Suppose that S and Z are nonempty subsets of G = (0, 1, 2,..., g - 1} such 
that 
(i) hs = G\Z, 
(ii) Z C a + (h - 1)Sfor all integers a such that a E G\S. 
Then 9s = {m > 0 1 %i ES} is a maximal asymptotic nonbasis of order h. 
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Proqf If n > hg and A E G\Z, then by (i) there exist s1 , sa ,..., sh E S 
such that n - (sl + s2 + *.a + sh) = rg 3 0. Then n = (sl + rg) + s2 + 
... + sh E /rs8. But if E E Z, then (i) implies that n $ /zFs . Therefore, 
Fs is not an asymptotic basis of order h. 
Let a be a nonnegative integer such that a 4 & . Then a E G\S. If 
n > a + (h - 1) g and E E Z, then by (ii) there exist s1 , s2 ,..., shbl ES 
such that n - (a + s1 + s2 + ... + s& = rg > 0. Therefore, 
n=u+(s,+rg)+s,+...+q-,Eh(~u(u}). 
Therefore, ss U {a} is an asymptotic basis of order h, and so ss is a 
maximal asymptotic nonbasis of order h. 
EXAMPLE. Let g = hs + 2, where h 3 2 and s > 0. Then 
s = (0, 1, 2 )...) s} and Z = {hs + l} satisfy conditions (i) and (ii) of 
Theorem 6. Therefore, ss = {n > 0 ) fi ES} is a maximal asymptotic 
nonbasis of order h. The asymptotic density d(%&) of the set .J& satisfies 
For h = 2, let T = G\S = {s + 1, s + 2 ,..., 2s + 1) and Z = (2s + l}. 
Then T and Z satisfy the conditions of Theorem 6, and so sr is also 
a maximal asymptotic nonbasis of order 2. The sets ss and 9$ partition 
the nonnegative integers. 
If &’ is a set of integers, let dL(&) denote its lower asymptotic density. 
THEOREM 7. Let 9 be a maximal asymptotic nonbusis of order h. 
Zf d,(hF) < min(1, hd,(S)), then there is an integer g 3 2 and 
SCG={O,1,2,...,g-1) such that 9”=Fs={n>OIn=s (modg) 
for some s E S}. 
Proof By Kneser’s theorem [2, 41, there exist sets g1 , f12 ,..., sh and 
an integer g > 2 such that (1) each 9i is the union of the nonnegative 
parts of congruence classes module g; (2) 9 C % for i = 1,2,..., h; and 
(3) the sumsets hF and F1 + sz + -0. + & coincide from some point 
onward. Let 
S={s~GIszn(modg)forsomen~~}, 
ss ={n>O]n=s(modg)forsomesoS}. 
Then 9 -C9’ -Csti for i = 1, 2,..., h, and W and hSs coincide from 
some point onward. Therefore, ss is not an asymptotic basis of order h, 
and so 9 = St, by the maximality of 9. 
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4. OPEN PROBLEMS 
1. If JS’ is a set of nonnegative integers which is not an asymptotic 
basis of order h, then is & a subset of a maximal asymptotic nonbasis of 
order h? 
2. Can the nonnegative integers be partitioned into two sets S? and 99, 
where J&’ is a maximal asymptotic nonbasis of order h, and 94 is a minima1 
asymptotic basis of order h ? 
3. Describe the structure of maximal asymptotic nonbases. Is every 
maximal asymptotic nonbasis a union of congruence classes ? Can a 
maximal asymptotic nonbasis have zero density? 
4. Classify minimal bases and minimal asymptotic bases. 
5. ErdGs and Turan [l] conjectured that if tze is an asymptotic basis 
of order two, and if r(n) is the number of representations of IZ as the sum 
of two elements of SS’, then lim sup r(n) = 00. If the conjecture is false, 
minimal asymptotic bases of order two might provide a counterexample. 
But neither the set A!’ of Theorem 1 nor the set %YZ of Theorem 3 contra- 
dicts the conjecture. It is possible that the Erdos-Turan conjecture is 
easy to verify for asymptotic bases of order two no subset of which is a 
minimal asymptotic basis of order two. 
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